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We investigate the effect of long-range Coulomb interaction on the quasiparticle properties and
the dielectric function of clean three-dimensional Weyl semimetals at zero temperature using a
functional renormalization group (FRG) approach. The Coulomb interaction is represented via a
bosonic Hubbard-Stratonovich field which couples to the fermionic density. We derive truncated
FRG flow equations for the fermionic and bosonic self-energies and for the three-legged vertices
with two fermionic and one bosonic external legs. We consider two different cutoff schemes — cutoff
in fermionic or bosonic propagators — in order to calculate the renormalized quasiparticle velocity
and the dielectric function for an arbitrary number of Weyl nodes and the interaction strength.
If we approximate the dielectric function by its static limit, our results for the velocity and the
dielectric function are in good agreement with that of A. A. Abrikosov and S. D. Beneslavski˘i [Sov.
Phys. JETP 32, 699 (1971)] exhibiting slowly varying logarithmic momentum dependence for small
momenta. We extend their result for an arbitrary number of Weyl nodes and finite frequency by
evaluating the renormalized velocity in the presence of dynamic screening and calculate the wave
function renormalization.
I. INTRODUCTION
Three-dimensional (3D) topological semimetals are
solid state materials where two bulk bands touch at ei-
ther a charge neutral point, called the Dirac or Weyl
node, or a line, called the nodal line, in momentum space
with linear1,2 or quadratic3 energy dispersion around it.
In comparison with 3D topological insulators4, having
two-dimensional (2D) linearly dispersing surface states,
3D topological semimetals with linear energy dispersion
are a distinct novel quantum state of matter since the
bulk bands disperse along all three crystal momentum di-
rections forming discrete Dirac cones in 3D momentum
space. These materials are important not only due to
their fundamental interest in understanding relativistic
phenomena in an effective solid medium but also their
macroscopic quantum properties, such as large magne-
toresistance and high carrier mobility, can be promising
for potential practical applications. In recent years, there
have been burgeoning theoretical and experimental activ-
ities on these materials with primary focus on proposing
or searching for design principles for new materials5–9,
classifying their topological nature10, and observing ex-
otic phenomena11–13. In this work, we are interested in
the many-body effects due to long-range Coulomb inter-
action in clean 3D Weyl semimetals.
The 3D Dirac semimetals can be considered as “di-
mensional extension” of the most studied 2D topological
semimetal, graphene, with fourfold degeneracy (due to
crystal and time-reversal symmetry) at the Dirac node
but unlike graphene this degeneracy is robust against
external perturbations due to the fact that the three
linearly independent momenta couple to all three Pauli
matrices in the Hamiltonian. The 3D Weyl semimet-
als can be evolved from 3D Dirac semimetals by explic-
itly breaking either the spatial inversion or time-reversal
symmetry. Since the electron-electron interaction plays
a central role in determining the quasiparticle proper-
ties of graphene14, it is natural to ask about the effect
of many-body interaction in their 3D counterparts. This
problem was first addressed and partially answered in
the seminal work by Abrikosov and Beneslavski˘i for lin-
ear and quadratically dispersing 3D semimetals15. In
the present work, we are interested in the former case
and therefore we shall only discuss linearly dispersing 3D
semimetals. For any given 3D material with linear en-
ergy spectrum around a single node and within static ef-
fective Coulomb interaction, Abrikosov and Beneslavski˘i
obtained the momentum-dependent velocity,
v(k)
vF
= [1 + (a+ b)l]
a
a+b , (1)
and the dielectric function,
ε(k) = [1 + (a+ b)l]
b
a+b , (2)
where l = ln
(
Λ0
k
)
with Λ0 being an ultraviolet cutoff
of the order of inverse lattice spacing and k is the lat-
tice momentum. Here a and b are undetermined positive
constants of the order of bare value of dimensionless in-
teraction strength,
α =
e2
ε0vF
, (3)
with e being the bare charge, ε0 the lattice dielectric
constant, and vF is the Fermi velocity of the given 3D
semimetal, and we use units where ~ = 1. In the fol-
lowing, we shall not only find the constants a and b as a
function of effective interaction strength and number of
2Weyl nodes but also go beyond the results of Abrikosov
and Beneslavski˘i by considering any finite number of
nodes and taking the frequency dependence of the di-
electric function into account. Moreover, since our the-
ory is nonperturbative in the interaction we also recover
the perturbation theory results for weak interaction16,17.
We employ a functional renormalization group (FRG)
approach18–20 to evaluate the renormalized quasiparticle
properties (renormalized velocity, wave function renor-
malization) and the dielectric function for different num-
bers of Weyl nodes and the interaction strength of clean
3D Weyl semimetals.
The rest of this work is organized as follows. In Sec. II,
we introduce our low-energy effective model Hamiltonian
and decouple it using a Hubbard-Stratonovich transfor-
mation. In Sec. III, we use two different cutoff strategies
to derive infinite hierarchies of FRG flow equations for
the irreducible vertices of our effective low-energy model.
We evaluate the renormalized velocity with static and
dynamically screened Coulomb interaction in Secs. III A
and III B, respectively, and also present the results for the
static renormalized dielectric function and the wave func-
tion renormalization. In the concluding Sec. IV, we sum-
marize our results and suggest new directions to broaden
the scope of our work.
II. LOW-ENERGY MODEL
The starting point of the low-energy theory of 3D Weyl
semimetals, describing a model with fermions having lin-
ear dispersion in the vicinity of charge neutral points
or Weyl nodes and interacting via long-range Coulomb
forces, is given by the following effective Hamiltonian,
HΛ0 =
∑
n
∫
k
ψ†n(k)(vnσ · k)ψn(k) +
1
2
∫
q
fqρ−qρq, (4)
where n = 1, · · · , NW labels the total number of Weyl
nodes with nondegenerate chiralities; vn = χnvF is the
bare velocity with χn = ± being the chirality at the nth
node. It is worth mentioning that the Weyl nodes always
come in pairs and the net chirality over the Brillouin zone
vanishes21, i.e.,
∑
n χn = 0 . Thus the minimum number
of Weyl nodes in a given 3D material is NW = 2. The
operators ψn(k) are two-component fermionic field oper-
ators associated with the pseudospin degrees of freedom,
which in this case are the two (conduction and valence)
bands touching at the nth node. The 3D momentum in-
tegration is denoted by
∫
k
=
∫
d3k
(2pi)3 and is restricted to
the regime |k| < Λ0 such that the ultraviolet cutoff Λ0, of
the order of inverse lattice spacing, is small compared to
the separation between different Weyl nodes. The vector
σ = (σx, σy, σz), with three Pauli matrices as compo-
nents, acts on the pseudospin components and the mo-
mentum k is measured relative to the nodes. The Fourier
transform of the bare Coulomb interaction is given by
fq =
4pie2
ε0q2
and due to interest in the long-range nature of
the interaction, we shall neglect any scattering processes
which transfer momentum between different Weyl nodes.
The Fourier component of the density operator is
ρq =
∑
n
∫
k
ψ†n(k)ψn(k + q). (5)
The Euclidean action associated with the Hamiltonian
(4) is
SΛ0 [ψ¯, ψ] = −
∑
n
∫
K
ψ†n(K)[G
0
n(K)]
−1ψn(K)
+
1
2
∫
Q
fqρ(−Q)ρ(Q), (6)
where ψn(K) is a two-component Grassmann field,
G0n(K) = [iω − vnσ · k]
−1 (7)
being the free propagator and
ρ(Q) =
∑
n
∫
K
ψ†n(K)ψn(K +Q) (8)
is the Fourier component of the density. The multi-index
label K = (k, iω) represents momentum k and fermionic
Matsubara frequency iω while Q = (q, iω¯) is a combined
label for momentum q and bosonic Matsubara frequency
iω¯. The integration symbols are
∫
K =
∫
k
∫
dω
2pi and
∫
Q =∫
q
∫
dω¯
2pi where we have considered the zero-temperature
case.
In order to derive FRG flow equations, we decouple the
interaction with the help of a Hubbard-Stratonovich field
φ so that the regularized Euclidean action of our model
becomes
SΛ0 [ψ¯, ψ, φ] = −
∑
n
∫
K
ψ†n(K)[G
0
n(K)]
−1ψn(K)
+
1
2
∫
Q
[
f−1q φ(−Q)φ(Q) + 2iρ(−Q)φ(Q)
]
,
(9)
where the scalar Hubbard-Stratonovich field φ(Q) cou-
ples to the density.
With the model description being set up, we follow
Ref. [19] to derive an infinite hierarchy of FRG flow equa-
tions for the irreducible vertices of our low-energy effec-
tive model as given in Eq. (9).
III. FRG APPROACH
Before deriving the flow equations, we have to choose
a cutoff scheme by introducing a cutoff Λ in either
fermionic (ψ) or bosonic (φ) fields by regularizing the
bare fermionic or bosonic Gaussian propagators with
suitable regulator functions RψΛ(K) or R
φ
Λ(Q), respec-
tively. In accordance with our previous work on
3graphene we shall first introduce the cutoff in fermionic
propagators22 as given in Sec. III A, followed by cutoff
in bosonic propagators23 which is explained in Sec. III B.
The general protocol of our first approach can be sum-
marized as follows. Once we choose the cutoff strategy,
we write down the FRG flow equations for self-energies
and vertices along with their diagrammatic representa-
tions. We thus arrive at an infinite hierarchy of coupled
integro-differential equations. But in order to proceed
further, we devise a truncation scheme based on the sym-
metry arguments and relevance of the vertices by simple
dimensional analysis thereby retaining only marginal and
relevant vertices. We finally obtain a finite small set of
coupled integro-differential flow equations which we solve
numerically. For the second approach, we write down
the exact skeleton equation for the bosonic self-energy
which can be combined with FRG flow equations for the
fermionic self-energy to calculate the physical quantities
of the model.
A. Fermionic cutoff scheme
Let us introduce an infrared cutoff Λ which prevents
the propagation of electrons with momenta |k| < Λ.
With the sharp momentum cutoff, the regularized bare
fermionic propagator becomes
G0n,Λ(K) =
[[
G0n(K)
]−1
−RψΛ(K)
]−1
= Θ(k − Λ)G0n(K), (10)
where the regulator function,
R
ψ
Λ(K) =
[
G0n(K)
]−1 [
1−Θ−1(k − Λ)
]
, (11)
is defined such that for Λ→ 0 the regulator vanishes.
Now we can write down a formally exact flow equa-
tion for the generating functional ΓΛ[ψ¯, ψ, φ] of the ir-
reducible vertices following Refs. [18–20]. Note that in
the limit Λ → 0, the flowing vertices reduce to the ex-
act irreducible vertices of the original Hamiltonian (4).
We obtain an approximate solution of the flow equations
by resorting to a truncated form of ΓΛ[ψ¯, ψ, φ] which we
choose as
ΓΛ[ψ¯, ψ, φ] =−
∑
n
∫
K
ψ†n(K)G
−1
n,Λ(K)ψn(K)
+
1
2
∫
Q
φ(−Q)F−1Λ (Q)φ(Q)
+
∑
n,b
∫
K
∫
Q
Γbn,Λ(K +Q,K,Q)
× ψ¯bn(K +Q)ψ
b
n(K)φ(Q),
(12)
where b = C, V is the conduction or valence band label,
ψbn(K) and ψ¯
b
n(K) are the band components of spinor
ψn(K) and its adjoint ψ
†
n(K), and Γ
b
n,Λ(K +Q,K,Q) is
TABLE I. The relevance of the vertices in the RG sense in
3D Weyl semimetals is compared with that of 2D graphene.
Though the Γ(0,3) in 3D Weyl semimetals is relevant, we will
show that its flow equation vanishes due to symmetry.
Vertex 3D Weyl semimetals 2D graphene
Γ(2,1) marginal marginal
Γ(0,3) relevant marginal
Γ(4,0) irrelevant irrelevant
Γ(0,4) marginal irrelevant
Γ(2,2) irrelevant irrelevant
a three-legged vertex with two fermionic and one bosonic
leg. We express the inverse scale-dependent fermionic
and bosonic propagators as
G−1n,Λ(K) = [G
0
n,Λ(K)]
−1 − Σn,Λ(K), (13)
F−1Λ (Q) = f
−1
q +ΠΛ(Q), (14)
where Σn,Λ(K), and ΠΛ(Q) are the fermionic and bosonic
self-energies, respectively, with Σn,Λ(K) being a matrix
in the band labels. Our truncation (12) can be justified
because it contains only those vertices which are marginal
and relevant as explained in the following text.
Let us denote a vertex with l external (fermionic
and/or bosonic) legs as Γ(r,s) such that l = r + s. Then
Γ(2,1) is a three-legged vertex with 2 fermionic and 1
bosonic leg. There are four vertices of this type, cor-
responding to the field combinations ψ¯CψCφ, ψ¯V ψV φ,
ψ¯CψV φ and ψ¯V ψCφ. We shall neglect the flow equa-
tions of the band-label changing three-legged vertices,
with field combinations ψ¯CψV φ and ψ¯V ψCφ, since they
vanish due to symmetry as it will be shown in the Ap-
pendix. The other three-legged vertex Γ(0,3) is purely
bosonic with 3 bosonic legs and field combinations φφφ.
We can use similar notation to describe all the other
higher-order vertices. Now if we keep the Gaussian part
of the bare action, Eq. (9), invariant under scale trans-
formations, we see that the scaling dimensions of the
fermionic and bosonic fields are [ψ] = − 52 and [φ] = −3,
respectively, as compared to [ψ] = −2 and [φ] = −2, re-
spectively, in case of 2D graphene. Using this fact, we
find that in 3D Weyl semimetals all the four Γ(2,1) ver-
tices and Γ(0,4) are marginal while Γ(0,3) is relevant in the
RG sense. The rest of the other higher-order vertices are
irrelevant at the Gaussian fixed point; i.e., they decrease
under RG transformation Λ→ 0.
It is compelling to understand the relevance of these
vertices in comparison to our previous work on 2D
graphene22 which is presented in Table I. Interestingly, in
comparison to the 2D case, the purely bosonic three- and
four-legged vertices in 3D become relevant and marginal,
respectively. Such vertices play an important role in
screening the charge in the 3D case but are absent in
2D graphene. Although the purely bosonic irreducible
three-legged vertex is relevant, within our cutoff scheme
it vanishes identically because it is absent at the ini-
4tial scale, Eq. (9), and the right-hand side of its FRG
flow equation vanishes by symmetry as shown in the Ap-
pendix. The four-legged vertices include processes in the
particle-particle and exchange channel involving multiple
particles and large momentum transfer. However, our
low-energy theory is dominated by the forward scatter-
ing processes and thus we also neglect them. Moreover,
since our truncation scheme is based on symmetry and
relevance, it is nonperturbative in the effective dimen-
sionless interaction strength α and therefore, our results
are expected to hold even for large values of coupling
strength.
Within our truncation and cutoff scheme, the FRG
flow equations for the fermionic and bosonic self-energies
are
∂ΛΣ
bb′
n,Λ(K) =
∫
Q
FΛ(Q)G˙
bb′
n,Λ(K −Q)Γ
b
n,Λ(K,K −Q,Q)Γ
b′
n,Λ(K −Q,K,−Q), (15)
∂ΛΠΛ(Q) = Ns
∑
bb′
∑
n
∫
K
[
G˙bb
′
n,Λ(K)G
b′b
n,Λ(K −Q) +G
bb′
n,Λ(K)G˙
b′b
n,Λ(K −Q)
]
×Γbn,Λ(K −Q,K,−Q)Γ
b′
n,Λ(K,K −Q,Q), (16)
where Ns = 2S + 1 = 2 is the spin degeneracy fac-
tor. Here Γbn,Λ represents the band-label conserving
three-legged vertices, with field combinations ψ¯CψCφ or
ψ¯V ψV φ, appearing in Eq. (12) which satisfy the following
truncated flow equation,
∂ΛΓ
b
n,Λ(K,K −Q,Q) =
∑
b′
∫
Q′
{
FΛ(Q
′)
[
G˙bb
′
n,Λ(K −Q−Q
′)Gb
′b
n,Λ(K −Q
′) +Gbb
′
n,Λ(K −Q−Q
′)G˙b
′b
n,Λ(K −Q
′)
]
×Γbn,Λ(K,K −Q
′, Q′)Γbn,Λ(K −Q−Q
′,K −Q,−Q′)Γb
′
n,Λ(K −Q
′,K −Q−Q′, Q)
}
−
∫
Q′
FΛ(Q
′)F (Q′ −Q)G˙bbn,Λ(K −Q
′)Γbn,Λ(K,K −Q
′, Q′)Γbn,Λ(K −Q
′,K −Q,Q−Q′)
×Γ
(0,3)
n,Λ (Q
′, Q,Q′ −Q), (17)
where the fermionic single-scale propagator is defined as,
G˙n,Λ(K) = −Gn,Λ(K)
[
∂Λ
[
G0n,Λ(K)
]−1]
Gn,Λ(K). (18)
On using the definition of the bare fermionic propaga-
tor, Eq. (10), and scale-dependent fermionic propagator,
Eq. (13), and the Morris lemma24,
δ(x)f(Θ(x)) = δ(x)
∫ 1
0
dtf(t), (19)
we get
G˙n,Λ(K) = −δ(k−Λ) [iω − vnσ · k − Σn,Λ(K)]
−1
. (20)
A graphical representation of the FRG flow equations
for the fermionic and bosonic self-energies, as given in
Eqs. (15) and (16), respectively, are shown in Fig. 1, while
the flow equation for the same band-label three-legged
vertices, Eq. (17), is shown in Fig. 2. In the last line
of Eq. (17), a purely bosonic three-legged vertex Γ(0,3)
appears whose FRG flow equation is given by
∂ΛΓ
(0,3)
n,Λ (Q
′, Q,Q′ −Q) =
∑
bb′b′′
∫
K
[
G˙bb
′
n,Λ(K)G
b′b′′
n,Λ (K −Q
′ +Q)Gb
′′b
n,Λ(K −Q
′) +Gbb
′
n,Λ(K)G˙
b′b′′
n,Λ (K −Q
′ +Q)Gb
′′b
n,Λ(K −Q
′)
+ Gbb
′
n,Λ(K)G
b′b′′
n,Λ (K −Q
′ +Q)G˙b
′′b
n,Λ(K −Q
′)
]
Γbn,Λ(K −Q
′,K,−Q′)
× Γb
′
n,Λ(K −Q
′ +Q,K −Q′, Q)Γb
′′
n,Λ(K,K −Q
′ +Q,Q′ −Q). (21)
In the Appendix, we shall prove that for vanishing ex- ternal momentum the right-hand side of Eq. (21) van-
5ishes due to symmetry. Thus neglecting the last term in Eq. (17) it simplifies to
∂ΛΓ
b
n,Λ(K,K −Q,Q) =
∑
b′
∫
Q′
FΛ(Q
′)
[
G˙bb
′
n,Λ(K −Q−Q
′)Gb
′b
n,Λ(K −Q
′) +Gbb
′
n,Λ(K −Q−Q
′)G˙b
′b
n,Λ(K −Q
′)
]
×Γbn,Λ(K,K −Q−Q
′, Q′)Γbn,Λ(K −Q−Q
′,K −Q,−Q′)Γb
′
n,Λ(K −Q
′,K −Q−Q′, Q).
(22)
=
VV
=
CV
=
CC C
=
V
C C VVC V CV
= ++ +
C C VVC V CV
+ + ++
FIG. 1. Graphical representation of the FRG flow equations
for the fermionic (upper panel) and bosonic (lower panel) self-
energies as given in Eqs. (15) and (16), respectively. The dot
over the symbol denotes the derivative with respect to cut-
off Λ, the solid line with the arrow represents the fermionic
propagator (Gbb
′
Λ ), the solid line with the arrow and slash
symbolizes the single-scale propagator (G˙bb
′
Λ ), and the wavy
line denotes the bosonic propagator (FΛ). The triangles illus-
trate renormalized three-legged vertices with two fermionic
and one bosonic leg (ΓbΛ) which carry the same band label b;
conduction (C) shown in red and valence (V) in blue.
In what follows we shall omit the band indices, con-
sider a node with chirality χ = +1 while the analysis
is analogous for χ = −1, and neglect the momentum as
well as frequency dependence of the three-legged vertices
thereby retaining only the marginal part,
ΓbΛ(0, 0, 0) = iγΛ. (23)
Moreover, since our interest lies in the low-energy behav-
ior of the cutoff-dependent Green’s function, we expand
the self-energy to linear order in the frequency
ΣΛ(K) = VΛ(k)σ · k + (1− Z
−1
Λ )iω +O(ω
2), (24)
where ZΛ is the cutoff-dependent wave function renor-
malization factor. The renormalized fermionic propaga-
tor, Eq. (13), then becomes
GΛ(K) = −Θ(k − Λ)ZΛ
iω + vΛ(k)σ · k
ω2 + ξ2Λ(k)
, (25)
where the renormalized velocity and renormalized energy
= + + +
= + + +
−
−
FIG. 2. Diagrammatic representation of the FRG flow equa-
tion for the three-legged vertex, Eq. (17), with two fermionic
and one bosonic leg and carrying the same band label. The
shaded circle with three wavy lines is the purely bosonic three-
legged vertex. The meaning of the other symbols is the same
as in Fig. 1.
dispersion are given by
vΛ(k) = ZΛ[vF + VΛ(k)], (26)
ξΛ(k) = vΛ(k)k. (27)
With the above definitions of the renormalized propa-
gators and vertices, the flow equation for the self-energy,
Eq. (15), becomes
∂ΛΣΛ(K) = −γ
2
Λ
∫
Q
FΛ(Q)G˙Λ(K −Q)
= −γ2ΛZΛ
∫
d3q
(2pi)3
∫
dω¯
2pi
4pie2
ε0q2
δ(|k − q| − Λ)
εΛ(q, iω¯)
×
[
(iω − iω¯) + vΛ(|k − q|)σ · (k − q)
(ω − ω¯)2 + ξ2Λ(|k − q|)
]
, (28)
where FΛ(Q) =
fq
εΛ(Q)
and the cutoff-dependent dielectric
function is given by
εΛ(Q) = 1 + fqΠΛ(Q). (29)
Now in order to derive the FRG flow equations for
the renormalized velocity, dielectric function, and wave
function renormalization, we first set ω = 0 in the
FRG flow equation for the self-energy, Eq. (28), and use
6∫∞
−∞
dx
x2+a2 =
pi
a and
∫∞
−∞
xdx
x2+a2 = 0 to obtain the inter-
action correction to the Fermi velocity,
Λ∂ΛVΛ(k)
= −γ2ΛZΛpi
Λ
k
∫
d3q
(2pi)3
4pie2
ε0(k − q)2
δ(q − Λ)kˆ · qˆ
εΛ(k − q)
, (30)
where kˆ is the unit vector related to the quasimomentum
k and we approximated εΛ(k − q, iω¯) ≈ εΛ(k − q, 0) ≡
εΛ(k − q). The FRG flow equation of the renormalized
velocity, Eq. (26), then becomes
Λ∂ΛvΛ(k) =
vΛ(k)
ZΛ
Λ∂ΛZΛ + ΛZΛ∂ΛVΛ(k)
= ηΛvΛ(k)− γ
2
ΛZ
2
Λpi
Λ
k
∫
d3q
(2pi)3
×
4pie2
ε0(k − q)2
δ(q − Λ)kˆ · qˆ
εΛ(k − q)
, (31)
where the flowing anomalous dimension ηΛ is defined by
Λ∂ΛZΛ = ηΛZΛ. (32)
In order to determine ηΛ, we again consider the FRG flow
equation of the self-energy, Eq. (28), but for vanishing
external momentum,
ηΛ = ΛZΛ lim
ω→0
∂
∂(iω)
∂ΛΣΛ(0, iω)
= γ2ΛZ
2
ΛΛ
∫
d3q
(2pi)3
∫
dω¯
2pi
4pie2
ε0q2
δ(q − Λ)
εΛ(q, iω¯)
×
ω¯2 − ξ2Λ(q)[
ω¯2 + ξ2Λ(q)
]2 . (33)
On using Eqs. (20),(23)-(25) and performing the fre-
quency integration, the FRG flow of the polarization (16)
becomes
∂ΛΠΛ(Q) =− γ
2
ΛZ
2
ΛNsNW
∫
d3k
(2pi)3
[
δ (k − Λ)
×Θ(|k − q| − Λ) + Θ (k − Λ) δ (|k − q| − Λ)
]
×
[
1−
k · (k − q)
k|k − q|
]
×
ξΛ(k) + ξΛ(|k − q|)
[ξΛ(k) + ξΛ(|k − q|)]2 + ω¯2
, (34)
which yields the flowing dielectric function,
Λ∂ΛεΛ(Q) = Λfq∂ΛΠΛ(Q). (35)
Finally, we consider the FRG flow equation of the
momentum- and frequency-independent part of the same
band-label three-legged vertex given by
∂ΛγΛ = −γ
3
Λ
∫
Q
FΛ(Q)Tr[G˙Λ(Q)GΛ(Q)], (36)
where Tr is the trace over the product of fermionic propa-
gators. On writing the fermionic single-scale propagator
as
G˙Λ(Q) = −
δ(q − Λ)
[
G0(Q)
]−1[[
G0(Q)
]−1
−Θ(q − Λ)ΣΛ(Q)
]2 , (37)
where G0(Q) is the bare propagator, Eq. (7), for χ =
1 and using Eq. (25) along with the Morris lemma,
Eq. (19), we get
∂ΛγΛ = γ
3
Λ
∫
Q
FΛ(Q)
δ(q − Λ)
2
Tr
[
[G0(Q)]−1−ΣΛ(Q)
]−2
.
(38)
We now utilize the low-energy expansion for the self-
energy, Eq. (24), and perform the trace to obtain
∂ΛγΛ = −γ
3
ΛZ
2
Λ
∫
Q
FΛ(Q)δ(q − Λ)
ω¯2 − ξ2Λ(q)[
ω¯2 + ξ2Λ(q)
]2 , (39)
which can be written as
Λ∂ΛγΛ = −ηΛγΛ, (40)
where the flowing anomalous dimension ηΛ is given in
Eq. (33). This implies ∂Λ(γΛZΛ) = 0 and along with the
initial condition γΛ0 = ZΛ0 = 1 we obtain γΛZΛ = 1
which satisfies the Ward identity related to the charge
conservation. Since the combination γΛZΛ appears in
the flow equations for the velocity (31), the anomalous
dimension (33), and the polarization (34), there is an
exact cancellation between wave function renormaliza-
tion and vertex corrections in these flow equations such
that neither γΛ nor ZΛ appears separately on the right
hand of the flow equations. Therefore, instead of four
FRG flow equations we are left with the flow equations
for renormalized velocity vΛ(k), wave function renor-
malization ZΛ, and the dielectric function εΛ(Q) which
forms a closed set of three coupled integro-differential
equations that can be solved numerically to determine
the momentum- and frequency-dependent quasiparticle
properties of the model system with the number of Weyl
nodes NW and the strength of the interaction α, Eq. (3),
being the model parameters.
Now before we solve the closed system of dynamical
FRG flow equations for vΛ(k), ZΛ and εΛ(q, iω¯), we
examine the static (frequency-independent) FRG flow
equations. This further reduces the number of coupled
integro-differential equations, from three to two, since in
this approximation ZΛ = γΛ = 1. Note that, in this ap-
proximation, the renormalization of the Fermi velocity
is still nonperturbatively taken into account. The flow
equations, (31) and (34), get further simplified on utiliz-
ing the Ward identity γΛZΛ = 1 and employing prolate
7spheroidal coordinates in Eq. (34),
kx =
|q|
2
sinhµ sinϕ cosν,
ky =
|q|
2
sinhµ sinϕ sinν, (41)
kz =
|q|
2
(coshµ cosϕ− 1),
with µ ∈ [0,∞), ϕ ∈ [0, pi], ν ∈ [0, 2pi) and
d3k =
|q|3
8
sinhµ sinϕ (cosh2µ− cos2ϕ) dµ dϕ dν. (42)
Thus, for Eqs. (31) and (35) we finally obtain
Λ∂Λ
[
vΛ(k)
vF
]
= −
α
2
Λ
k
∫ pi
0
dϕ
pi
sinϕ cosϕ[
1− 2
(
k
Λ
)
cosϕ+
(
k
Λ
)2] 1εΛ(√Λ2 − 2kΛ cosϕ+ k2) , (43)
Λ∂ΛεΛ(q) = −αNsNW
∫ pi/2
0
dϕ
pi
sin3 ϕ Θ(1 + q2Λ cosϕ−
q
2Λ){[
vΛ(Λ)
vF
]
+
(
1 +
(
q
Λ
)
cosϕ
)[
vΛ(Λ+q cosϕ)
vF
]} . (44)
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FIG. 3. Static renormalized velocity in the limit of vanishing
cutoff as a function of quasimomentum k for (a) NW = 2, (b)
NW = 12, and (c) NW = 24 and α = 0.2, 0.5, 1.0, 2.0. The
broken black line is a fit given in the form of Eq. (55).
We solve the coupled integro-differential equations,
(43) and (44), for the momentum- and cutoff-dependent
renormalized velocity vΛ(k) and static dielectric function
εΛ(q) for different values of NW and α. There have been
a substantial number of theoretical proposals and a few
experimental observations on 3D Weyl semimetals25–37
but due to lack of complete information on the values
of NW and α, we shall consider NW and α as param-
eters and perform the calculations for NW = 2, 12, 24
and α = 0.2, 0.5, 1.0, 2.0. As already mentioned, our the-
ory is valid for any finite value of interaction strength α
and is not restricted to the perturbative weak-coupling
regime. In fact we shall show that we can recover
the static nonperturbative result of Abrikosov and Be-
neslavski˘i from which one can obtain the perturbative
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FIG. 4. Static renormalized dielectric function in the limit of
vanishing cutoff as a function of quasimomentum q for a) NW
= 2, b) NW = 12 and c) NW = 24 and α = 0.2, 0.5, 1.0, 2.0.
The broken black line is a fit given in the form of Eq. (56).
solution of Throckmorton et al17. Moreover, we shall
also demonstrate that the constants a and b, appearing
in the theory of Abrikosov and Beneslavski˘i15 as given
in Eqs. (1) and (2), can be derived in a straightforward
manner from Eqs. (43) and (44).
In Figs. 3 and 4 we show the results for the physical
renormalized velocity and the static dielectric function,
respectively, which is defined in the limit Λ → 0. We
find that both the renormalized velocity and the dielec-
tric function diverge logarithmically for vanishing mo-
mentum. Though the logarithmic divergence of the ve-
locity is similar to the case of 2D graphene22,23, the bare
long-range Coulomb interaction gets strongly screened in
the case of 3D Weyl semimetals because the polarization
bubble in 3D diverges logarithmically and so does the di-
8electric function, Eq. (29). This is in contrast with the
case of 2D graphene where in the static limit the dielec-
tric function becomes unity with vanishing momentum
since the polarization bubble in 2D is proportional to the
momentum. The general qualitative behavior for the 3D
Weyl semimetals is such that for a fixed number of Weyl
nodes NW , the renormalized velocity and the dielectric
function increases with increasing interaction α while for
a given fixed coupling strength α, the renormalized ve-
locity decreases and the dielectric function increases with
increasing NW .
In order to have a quantitative understanding of the
low-momentum behavior of the renormalized velocity and
dielectric function, let us proceed by simplifying the cou-
pled integro-differential FRG flow equations (43) and
(44). If we ignore the momentum dependence, by tak-
ing the limit of vanishing momentum k → 0 in Eq. (43),
we obtain
Λ∂Λ
[
vΛ
vF
]
= −
α
2
Λ
k
1
εΛ
∫ pi
0
dϕ
pi
sinϕ cosϕ[
1− 2
(
k
Λ
)
cosϕ+
(
k
Λ
)2]
= −
2α
3pi
1
εΛ
, (45)
where the logarithm appearing in the trivial angular inte-
gral has been expanded such that ln(1+x) ≈ x− x
2
2 +
x3
3
for small x = kΛ . On introducing the RG flow parameter
l = ln
(
Λ0
Λ
)
and with Λ∂Λ = −∂l we obtain the RG flow
equation for the renormalized velocity as
∂l
[
vl
vF
]
=
a
εl
(46)
with
a =
2α
3pi
(47)
being a dimensionless constant and we have renamed[
vΛ
vF
]
→
[
vl
vF
]
and εΛ → εl. Similarly if we take the
limit of vanishing momentum q → 0 in Eq. (44) we get
Λ∂ΛεΛ
= −
αNsNW[
vΛ
vF
] ∫ pi/2
0
dϕ
2pi
sin3 ϕ Θ(1 + q2Λ cosϕ−
q
2Λ)(
1 +
(
q
2Λ
)
cosϕ
)
= −
αNsNW
3pi
1[
vΛ
vF
] , (48)
which yields the RG flow equation for the renormalized
dielectric function
∂lεl =
b[
vl
vF
] , (49)
where we have defined the dimensionless constant
b =
αNsNW
3pi
=
aNsNW
2
. (50)
From Eqs. (46) and (49) we see that
∂l
{[
vl
vF
]
εl
}
= a+ b, (51)
so that
εl =
1 + (a+ b)l[
vl
vF
] . (52)
On substituting Eq. (52) into Eq. (46) and on integrating
we obtain[
vl
vF
]
= [1 + (a+ b)l]
a
a+b
=
[
1 +
α (2 +NsNW )
3pi
l
] 2
2+NsNW
, (53)
while substituting Eq. (53) into Eq. (52) we get
εl = [1 + (a+ b)l]
b
a+b
=
[
1 +
α(2 +NsNW )
3pi
l
] NsNW
2+NsNW
. (54)
Thus we derive the renormalized velocity (53) and the
static dielectric function (54) which is one of the main
results of this work. It provides a more rigorous quanti-
tative understanding of the behavior of the quasiparticle
properties in 3D Weyl semimetals. It can be shown using
the FRG method22 that vΛ→0(k) can be obtained from
vΛ(k = 0) by setting Λ ≈ k; hence we can make the sub-
stitution l = ln
(
Λ0
k
)
, so that Eqs. (53) and (54) can be
expressed in terms of k as in Eqs. (1) and (2). In com-
parison with the theory of Abrikosov and Beneslavski˘i,
we not only obtain the values for the undetermined con-
stants a = 2α3pi and b =
αNsNW
3pi , as mentioned in Eqs. (1)
and (2), but also recover their theory for the case of the
single node, NW = 1 and Ns = 1. However, we note
that since the Weyl nodes always come in pairs21, NW
should always be an even number as defined in Sec. II.
Moreover, since our result is valid for any finite effective
interaction strength α, we recover the perturbative re-
sults of Throckmorton et al.17 on expanding Eqs. (53)
and (54) for small coupling α.
On assuming that the power in Eqs. (53) and (54) gives
the correct quantitative behavior, we fit the numerically
obtained results for the renormalized velocity and the
dielectric function using the following formula,
vl =
[
A(α,NW ) + B(α,NW )l
] 1
1+NW
, (55)
εl =
[
C(α,NW ) +D(α,NW )l
] NW
1+NW
, (56)
where we have considered the spin degeneracy factor
Ns = 2 and the dimensionless variables A,B, C and D
are functions of α and NW . The values obtained from
the fit for A and B are shown in the upper panel while
9FIG. 5. The values for A(α,NW ) and B(α,NW ), from
Eq. (55), are shown in the upper panel as © and , respec-
tively, and obtained as the fitting parameters to the numerical
solution of Eq. (43) which is shown in Fig. 3. In the lower
panel, the values for C(α,NW ) and D(α,NW ), from Eq. (56),
are shown as △ and ▽, respectively, and obtained as the fit-
ting parameters to the numerical solution of Eq. (44) which
is shown in Fig. 4.
those for C and D are exhibited in the lower panel of
Fig. 5. We find that for a fixed number of Weyl nodes
NW (strength of effective interaction α), the values of
A,B, C, and D increase with increasing α (NW ). Note
that this is compatible with the fact that for a given α
and NW , the values for B and D can be compared with
a + b = 2α(1+NW )3pi for Ns = 2 and therefore it is pro-
portional to α and NW . Since, within a given accuracy,
the fitting is more accurate for the renormalized dielectric
function εl, the values of D are closer to a+b =
2α(1+NW )
3pi
than those of B.
As seen from Fig. 3, the fit to the numerical solution
of the renormalized velocity, Eq. (43), agrees very well
for weak coupling and small NW but starts to deviate for
large values of α and NW . The deviation is not that sig-
nificant for the renormalized dielectric function, Eq. (44),
for large values of NW and α as is obvious from Fig. 4.
It is clear that the non-trivial task of finding the numer-
ical solution of the static coupled FRG flow equations
for the renormalized velocity and the dielectric function
is affected by the choice of the numerical method of in-
tegration, interpolation, and grid size used in the calcu-
lation. In particular, for large values of α and NW the
dielectric function increases rapidly which raises numer-
ical difficulties for the interpolation function of a given
grid size. Such a scenario becomes even more demanding
in the case of dynamical FRG flow equations for vΛ(k),
εΛ(q, iω¯), and ZΛ because of the additional frequency
integral. Therefore, instead of solving the full dynami-
cal solution for the renormalized velocity, dielectric func-
tion and the wavefunction renormalization we shall resort
to another approach which is explained in the following
Sec. III B.
B. Bosonic cutoff scheme
The details of this scheme are presented in our ear-
lier paper on 2D graphene23. Therefore for the sake of
brevity, here we just mention important points concern-
ing the 3D Weyl semimetals and wherever necessary we
shall compare it with the 2D case. One of the advantages
of this bosonic cutoff scheme is that it can be combined
with Dyson-Schwinger equations in the bosonic sector to
obtain a closed FRG flow equation for the fermionic self-
energy and therefore providing direct access to the re-
quired quasiparticle properties of the system.
In this approach, we introduce a cutoff only in the
bosonic propagators. For our purpose it is sufficient to
work with a sharp momentum cutoff which restricts the
momentum transferred by the bosonic field to the regime
q > Λ. Thus the regularized free bosonic propagator
becomes
F 0Λ(Q) =
[
f−1q −R
φ
Λ(Q)
]−1
= Θ(q − Λ)fq, (57)
where the regulator function,
R
φ
Λ(Q) = f
−1
q
[
1−Θ−1(q − Λ)
]
, (58)
vanishes for Λ→ 0. Now the exact flow equation for the
fermionic self-energy in this scheme can be derived from
the general hierarchy of FRG flow equations, Ref. [19],
and is given by
∂ΛΣ
bb′
n,Λ(K) =
∑
b1b2
∫
Q
F˙Λ(Q)G
b1b2
n,Λ (K −Q)Γ
bb1φ
n,Λ (K,K −Q,Q)Γ
b2b
′φ
n,Λ (K −Q,K,−Q) +
1
2
∫
Q
F˙Λ(Q)Γ
(2,2)
n,Λ (K,K,Q,−Q),
(59)
where the fermionic propagator is related to the fermionic
self-energy by the Dyson equation (13). The external
legs connected to the three-legged vertex Γbb
′φ(K,K −
Q,Q) correspond to the fields ψ¯b(K), ψb
′
(K − Q), and
10
φ(Q). There are four types of such vertices as ex-
plained in Sec. III A but in the following we shall only
consider the band-label conserving three-legged vertices
since the RG flow equation of the band-label changing
vertices vanishes due to symmetry. The four-legged ver-
tex Γ(2,2)(K,K,Q,−Q) has two fermionic legs ψ¯b(K) and
ψb
′
(K) and two bosonic legs φ(Q) and φ(−Q). The
bosonic single-scale propagator is given by
F˙Λ(Q) = −F
2
Λ(Q)∂Λ
[
F 0Λ(Q)
]−1
= −δ(q − Λ)
[
f−1q +ΠΛ(Q)
]−1
, (60)
where ΠΛ(Q) is the irreducible particle-hole bubble or
the bosonic self-energy which we shall write using the
exact Dyson-Schwinger equation,
ΠΛ(Q) = iNs
∑
bb′
∑
n
∫
K
Gbb
′
n,Λ(K)G
b′b
n,Λ(K −Q)
×Γb
′b′φ
n,Λ (K,K −Q,Q). (61)
Note that following Refs. [23 and 38], we have closed the
RG flow equation by means of the skeleton equation for
the polarization bubble instead of deriving the FRG flow
equation for it.
Now we can obtain a closed set of equations with the
knowledge of the FRG flow equations for the three- and
four-legged vertices along with Eq. (59). But it is well
known that the flow equations of these three- and four-
legged irreducible vertices are of hierarchical nature gen-
erating higher-order irreducible vertices for which one has
to again write down their flow equations. In order to keep
the approach tractable with less numerical effort and still
obtain sensible results, we shall use the truncation strat-
egy as used in the previous Sec. III A which was based
on the classification of vertices according to symmetry
and relevance. We shall retain only those vertices which
are marginal or relevant and are finite at the initial RG
scale implying that we can neglect the mixed four-legged
vertex since it is irrelevant (see Table I). Moreover, the
band-label changing three-legged vertices are not only
absent at the initial scale but, as mentioned earlier, their
flow equation vanishes due to symmetry (see Appendix)
and therefore we shall also neglect them. Thus, we finally
arrive at the following flow equation for the fermionic
self-energy,
∂ΛΣΛ(K) = −γ
2
Λ
∫
Q
F˙Λ(Q)GΛ(K −Q), (62)
where we have omitted the band labels, considered a
node with chirality χ = +1, and have retained only the
marginal part of the three-legged vertex, see Eq. (23),
by neglecting its momentum and frequency dependence.
In this approximation the exact skeleton equation (61)
becomes
ΠΛ(Q) = −γΛNsNW
∫
K
Tr[GΛ(K)GΛ(K −Q)]. (63)
C C C V
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= =
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= + + +
FIG. 6. Upper panel: Graphical illustration of the truncated
FRG flow equation for the fermionic self-energy, where the
slashed wavy lines are the bosonic single-scale propagators.
Lower panel : Exact skeleton equation for the bosonic self-
energy. Black dots on the right-hand side denote the bare
vertex. All other symbols are the same as in Fig. 1.
A diagrammatic representation of the truncated FRG
flow equation for the fermionic self-energy and the exact
skeleton equation for the bosonic self-energy is shown in
Fig. 6.
In order to find the fermionic propagator, we use the
fact that our interest lies in the small momentum and
low-energy behavior of the model so that we expand the
self-energy for small-momentum and energy,
ΣΛ(K) = (1−Z
−1
Λ )iω− (1−Y
−1
Λ )vFσ ·k+O(ω
2), (64)
and obtain the fermionic propagator using the Dyson
equation (13),
GΛ(K) = −ZΛ
iω + vΛσ · k
ω2 + v2Λk
2
, (65)
where the renormalized quasiparticle velocity is given by
vΛ = ZΛY
−1
Λ vF . (66)
On substituting (65) into (63), performing the fre-
quency integration, and using prolate spheroidal coor-
dinates given in Eq. (41), we get
ΠΛ(Q) =
γΛZ
2
ΛNsNW
32pi2
q2
vΛ
I(λ,Ω), (67)
where
I(λ,Ω) =
∫ pi
0
dϕ sin3 ϕ ln
(
Ω2 + (λ+ cosϕ)2
1 + Ω2
)
, (68)
with λ = 2Λ0q and Ω =
ω¯
vΛq
being the dimensionless mo-
mentum and frequency. The integration in Eq. (68) yields
a lengthy expression and its plot is shown in Fig. 7 ex-
hibiting a logarithmic divergence in the limit of small
momentum q and frequency ω¯. This can be easily seen
from the asymptotic limit (λ,Ω→∞) of Eq. (68) which
is given by
I(λ,Ω) ≈
4
3
ln
(
λ2
1 + Ω2
)
. (69)
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FIG. 7. The integral I(λ,Ω) as a function of dimensionless
momentum λ = 2Λ0
q
and frequency Ω = ω¯
vΛq
, Eq. (68), show-
ing logarithmic divergence in the limit of small momentum q
and frequency ω¯.
In this limit, the polarization (67) becomes
ΠΛ(Q) ≈
γΛZ
2
ΛNsNW
24pi2
q2
vΛ
ln
(
λ2
1 + Ω2
)
. (70)
It is important to note that the logarithmically diver-
gent nature of the polarization bubble in 3D is very dif-
ferent compared to 2D graphene where it is linearly pro-
portional to the quasimomentum14. This shows that the
Coulomb interaction in 3D Weyl semimetals is strongly
screened thereby renormalizing the charge unlike in 2D
graphene where the charge does not get renormalized
since the polarization bubble goes to zero in the limit of
vanishing momentum and energy and the bare Coulomb
interaction remains strong and unscreened22.
Now in order to derive the FRG flow equations for
the quasiparticle properties, we return to the self-energy
expression, Eq. (64), from which we obtain the RG flow
equations of ZΛ and YΛ as
Λ∂ΛZΛ = ηΛZΛ, (71)
Λ∂ΛYΛ = η˜ΛYΛ, (72)
where the flowing anomalous dimension related to the
frequency ηΛ is
ηΛ = ΛZΛ lim
ω→0
∂
∂(iω)
∂ΛΣ
bb
Λ (0, iω)
= Z2Λγ
2
ΛΛ
∫
Q
δ(q − Λ)
ε0Λ2
4pie2 +ΠΛ(Q)
ω¯2 − (vΛq)
2
[ω¯2 + (vΛq)2]2
, (73)
and the flowing anomalous dimension related to the mo-
mentum η˜Λ is defined as
(σ · kˆ)η˜Λ = −ΛYΛ lim
|k|→0
∂
∂(vF |k|)
∂ΛΣ
bb′
Λ (k, 0), (74)
and is given by
η˜Λ = Z
2
Λγ
2
ΛΛ
∫
Q
δ(q − Λ)
ε0Λ2
4pie2 +ΠΛ(Q)
ω¯2
[ω¯2 + (vΛq)2]2
. (75)
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FIG. 8. Numerical solution of the dynamical RG flow equa-
tion of the velocity, Eq. (76), for two sets of α and NW . The
static results from Eq. (53), for the same values of α and NW ,
are also shown as broken lines.
From Eqs. (66), (71), and (72) we get the RG flow of the
renormalized velocity,
Λ∂ΛvΛ = (ηΛ − η˜Λ)vΛ. (76)
On using the Ward identity, γΛZΛ = 1, we find that the
polarization (67) gets renormalized only due to renor-
malized velocity and wave function renormalization. On
substituting (67) into (73) and (75) we obtain a closed
set of RG flow equations for vΛvF and ZΛ. On introducing
the logarithmic flow parameter l = ln
(
Λ0
Λ
)
we numer-
ically solve39 the coupled integro-differential Eqs. (71)
and (76) using Eqs. (73) and (75). The results for vΛvF
and ZΛ are shown in Figs. 8 and 9 respectively for two
sets of α and NW which cover the extremes of the pa-
rameter range considered in this work. For the sake of
comparison, in Fig. 8 we also show the static results for
the renormalized velocity, Eq. (53).
It is difficult to extract an analytical expression for the
renormalized velocity in the dynamic case but on per-
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FIG. 9. RG flow of wave function renormalization, ZΛ,
obtained for two sets of α and NW .
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forming a fit we find that not only the power decreases,
compared to Eq. (53), but also the coefficient in front
of the RG parameter reduces. Therefore, in comparison
to the static case for given NW and α the dynamic re-
sults for the renormalized velocity get suppressed. This
behavior is opposite to the case of 2D graphene where
the dynamic interaction enhances the velocity compared
to the static approximation. On the other hand, the
wave function renormalization in 3D Weyl semimetals
flows very slowly towards a finite constant even for large
NW and α and has a finite value at the charge neutral
point which suggests that the character of a 3DWeyl fluid
is more Fermi-liquid-like with well-defined quasiparticles
as in 2D graphene. Our results can have implications
on transport40 and other physical properties of 3D Weyl
semimetals. We also expect our theory to hold for the
3D Dirac semimetals by doubling the Hilbert space and
accounting for Kramers degeneracy.
IV. CONCLUSION AND OUTLOOK
In summary, we have used a nonperturbative FRG ap-
proach to derive and solve the flow equations for the ve-
locity, dielectric function, and the wave function renor-
malization of clean 3D Weyl semimetals. In order to
derive the FRG flow equations for the irreducible ver-
tices of our Hubbard-Stratonovich decoupled low-energy
effective model in the presence of static and dynamically
screened Coulomb interaction, we have utilized two dif-
ferent cutoff schemes and a truncation based on relevance
and symmetry as well as a Ward identity relating the
three-legged vertices to the quasiparticle residue.
In the approximation where the frequency dependence
of the dielectric function is neglected, the numerical solu-
tions of our FRG flow equations for the renormalized ve-
locity v(k) and the dielectric function ε(q) were found to
increase with increasing interaction strength α for a fixed
number of Weyl nodes NW while for a given fixed cou-
pling strength the renormalized velocity was found to de-
crease and the dielectric function increased with increas-
ing number of Weyl nodes NW . We not only obtained
the undetermined constants introduced by Abrikosov and
Beneslavski˘i15, see Eqs. (1) and (2), given by a = 2α3pi and
b = αNsNW3pi as a function of the number of Weyl nodes
and the interaction strength but also found good agree-
ment with their theory as a fit to our numerical solutions.
We have also included the effects of dynamic screening
and evaluated the renormalized velocity and the wave
function renormalization. We have shown that for given
values of NW and α, the renormalized velocity v(k) is
suppressed in the dynamic case as compared to the static
approximation. Depending on the values of NW and α,
the 3D Weyl semimetals show strong effects of screening
due to the charge renormalization, which is absent in
graphene, but the wave function renormalization has a
finite value at the Weyl node suggesting that the 3DWeyl
semimetals behaves like a Fermi-liquid as in 2D graphene.
As an outlook, it would be interesting to study the
stability of the phases in the presence of strong cou-
pling and large number of Weyl nodes leading to spon-
taneous breaking of parity in noncentrosymmetric cor-
related Weyl semimetals41, excitonic instabilities42–44,
or dynamic mass gap generation45, as well as competi-
tion between disorder and interactions in 3D topological
semimetals46,47.
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APPENDIX: RG FLOW EQUATIONS OF THE
THREE-LEGGED VERTICES
In this appendix, we provide the details of the evalua-
tion of the RG flow equations of the band-label changing
mixed fermionic-bosonic, Γ(2,1), and the purely bosonic,
Γ(0,3), three-legged vertices.
The RG flow of the band-label changing three-legged
vertex in the fermionic cutoff scheme is given as
∂ΛΓ
bb′
n,Λ(K,K −Q,Q) =
∑
b1b2b3b4
∫
Q′
{
FΛ(Q
′)
[
G˙b1b2n,Λ (K −Q −Q
′)Gb3b4n,Λ (K −Q
′) +Gb1b2n,Λ (K −Q−Q
′)G˙b3b4n,Λ (K −Q
′)
]
×Γbb1n,Λ(K,K −Q
′, Q′)Γb2b3n,Λ (K −Q−Q
′,K −Q,−Q′)Γb4b
′
n,Λ (K −Q
′,K −Q−Q′, Q)
}
, (A.1)
where b and b′ are the band indices such that b 6= b′.
The diagrammatic representation of Eq. (A.1) is given
in Fig. 10 where we show only one of the two band-
label changing three-legged vertices. The flow diagram
for the other band-label changing three-legged vertex is
obtained by interchanging the red and blue lines as well
as the corresponding red and blue triangles. Note that
in comparison with Eq. (17), we have omitted the dia-
grams consisting of a purely bosonic three-legged vertex
in Eq. (A.1) as they will be shown to vanish by symmetry
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FIG. 10. Diagrammatic representation of the FRG flow
equation for the three-legged vertex, Eq. (A.1), with band-
label changing two fermionic and one bosonic legs. The ma-
genta triangle signifies the band-label changing three-legged
vertex, Γ(2,1). The factor 2× denotes the permutation of the
single-scale propagator and the meaning of the other symbols
is the same as in Fig. 1.
(see below). In Eq. (A.1), the momentum and frequency
dependence of the three-legged vertices can be neglected
so that the integrand becomes a product of the bosonic
propagator FΛ(Q) and the fermionic propagators,GΛ(Q)
and G˙Λ(Q). Then it becomes sufficient to consider the
matrix product G˙Λ(Q)GΛ(Q) and obtain its off-diagonal
components (b 6= b′). On using Morris lemma (19) and
Eqs. (25) and (37) we get
G˙Λ(Q)GΛ(Q) =
1
2
δ(q − Λ)
(
iω¯ + vΛ(q)σ · q
ω¯2 + ξ2(q)
)2
, (A.2)
where the off-diagonal components are proportional to
the term σ · q and therefore we obtain
[
G˙Λ(Q)GΛ(Q)
]bb′
=
1
2
δ(q − Λ)
[
2iω¯vΛ(q)σ · q
(ω¯2 + ξ2(q))2
]bb′
,
(A.3)
which is an odd function of ω¯. But since the bosonic
propagator FΛ(Q) = [f
−1
q + ΠΛ(Q)]
−1 is an even func-
tion of ω¯, as seen from Eq. (34), the overall integrand in
Eq. (A.1) is an odd function of ω¯ and therefore the fre-
quency integral vanishes. Hence, the band-label changing
vertex vanishes for all values of the cutoff.
In the case of bosonic cutoff, the graphical represen-
tation of the band-label changing three-legged vertices is
similar to Fig. 10 except that instead of the slashed solid
line corresponding to the fermionic single-scale propaga-
tors, G˙Λ(Q), we have a slashed wavy line representing
the bosonic single-scale propagator, F˙Λ(Q). Thus, the
integrand in Eq. (A.1) is proportional to the product of
F˙Λ(Q) and the matrix product of two fermionic propa-
gators, GΛ(Q). It is straightforward to see that in this
case, the off-diagonal components of the matrix product
will be proportional to the σ ·q term and is an odd func-
tion of frequency ω¯ as obtained in Eq. (A.3). Moreover,
since the bosonic self-energy (67) is an even function of
ω¯, the bosonic single-scale propagator (60) also becomes
an even function of ω¯. Therefore, the overall integrand is
an odd function of ω¯ and the frequency integral vanishes
as in the fermionic cutoff scheme.
Finally we examine the purely bosonic three-legged
vertex. It is generated by the so-called triangle diagram
which is related to the Adler-Bell-Jackiw or chiral gauge
anomaly48 used to estimate the dc anomalous quantum
Hall response. Although such a vertex is absent in the ini-
tial action (9) and it does not couple to the self-energies
within the fermionic cutoff approach, in the following we
shall consider its flow equation as given in Eq. (21) and
diagrammatically represented in Fig. 11.
= + +
+ + +
+ + +
+ + +
3x 3x3x
3x3x 3x
FIG. 11. Graphical representation of the FRG flow equation
for the purely bosonic three-legged vertex, Eq. (21). The
factor 3× signifies the cyclic permutation of the vertices in
the second and third row for the fixed position of the single-
scale propagator. The meaning of the symbols is the same as
in Figs. 1 and 2.
Let us neglect the momentum and frequency depen-
dence of the three-legged vertex, Γ(0,3), and retain only
the marginal part,
Γ
(0,3)
Λ (0, 0, 0) = iγ¯Λ. (A.4)
Therefore, the flow equation of the momentum- and
frequency-independent part of the purely three-legged
vertex (21) becomes
∂Λγ¯Λ = −3γ
3
Λ
∫
K
Tr[G˙Λ(K)GΛ(K)GΛ(K)], (A.5)
where we have used Eq. (23). On utilizing the Morris
lemma (19) along with Eqs. (25) and (37), we get
∂Λγ¯Λ = γ
3
Λ
∫
K
δ(k − Λ)Tr
[
[G0(K)]−1 − ΣΛ(K)
]−3
= i2γ3ΛZ
3
Λ
∫
K
δ(k − Λ)
ω(ω2 − 3ξ2Λ(k))[
ω2 + ξ2Λ(k)
]3 = 0,
(A.6)
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since the Cauchy principal value of the frequency integral
vanishes.
Thus we have shown that the RG flow equations of the
band-label changing mixed fermionic-bosonic, Γ(2,1), and
the purely bosonic, Γ(0,3), three-legged vertices vanish
identically due to symmetry.
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